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Quantum correlation can be created by local operations from a classically correlated state. We 
define quantum-correlating power (QCP) of a local quantum channel as the maximum amount 
of quantum correlation that can be created by the channel. The quantum correlation that we 
discuss in this article is defined on the left part of the bipartite state. We prove that for any local 
channel, the optimal input state, which corresponds to the maximum quantum correlation in the 
output state, must be a classical-classical state. Further, the single-qubit channels with maximum 
QCP can be found in the class of rank-1 channels which take their optimal input states to rank- 
2 quantum-classical states. The analytic expression for QCP of single-qubit amplitude damping 
channel is obtained. Super-activation property of QCP, i.e., two zero-QCP channels can consist a 
positive-QCP channel, is discussed for single-qubit phase damping channels. 

PACS numbers: 03.65.Ud, 03.65.Yz, 03.67.Mn 
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I. INTRODUCTION 

The quantum nature of correlation goes beyond quan- 
tum entanglement. There are separable states that con- 
tain correlation with no classical counterpart. Researches 
show that such separable states can also be useful for 
quantum computation [l|, quantum state discrimination 
[2| and quantum communication [3|-|5(. The importance 
of quantum correlation also lies in its close connection to 
quantum entanglement [a-Q. Various ways for detect- 
ing and measuring the quantum correlation have been 
proposed [9J-Fl3l| and the dynamics of quantum correla- 
tion under noises are also studied, see for example [14j . 
Among the different measures for quantum correlation, 
the quantum discord and one-way quantum deficit re- 
ceives their physical interpretations [15l - [l7| . 

Counterintuitively, local operation can create quantum 
correlation in some classically correlated states |18l - l22l |. 
In particular, any separable state with positive quantum 
discord can be produced by local positive operator- valued 
measu re ( POVM) on a classical state in a larger Hilbert 
space [23J|. The criteria for checking whether a local 
trace-preserving operation is able to generate quantum 
correlation has recently been obtained. For a single-qubit 
channel, it can create quantum correlation in some classi- 
cal states if and only if it is neither a unital channel nor a 
classical channel [18l | . For a quantum channel of arbitrary 
finite dimension, it is able to create quantum correlation 
if and only if it is not a commutativity-preserving channel 

El Ha. 



On solving the problem whether a local channel can 
create quantum discord, it is natural to ask the follow- 
ing question: how much quantum correlation can be 
built by local operation? In this article, we investigate 
the problem by defining quantum-correlating power of a 



local quantum channel, which quantifies the maximum 
quantum correlation that can be generated by the chan- 
nel. For any local channels, the input state which cor- 
responds to the maximum quantum correlation in the 
output state is proved to be a classical-classical state. 
Further, the quantum state with maximum quantum 
correlation which is obtained local operation on a two- 
qubit classical-quantum state can be found in the class 
of rank-2 quantum-classical states. The QCP of ampli- 
tude damping channel is calculated as an example. The 
interesting effect that two zero-QCP channels can con- 
sist a positivc-QCP channel is observed, and is named as 
the super-activation of QCP. As a by-product, we find 
a class of states with zero pair-wise correlation but non- 
zero genuine quantum correlation. 



II. QUANTUM-CORRELATING POWER AND 
OPTIMAL INPUT STATE 



Generally, a state is said to have zero quantum cor- 
relation on A if and only if there is a measurement on 
A that does not affect the total state. Such states are 
called classical-quantum states. We label Co as the set of 
all classical-quantum states. Then Co can be written as 

M 



cb = {p|p = X>n£®pf}, 



(i) 
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where {11^. = |os)(a,|} are a set of orthogonal basis of 
part A. 

Various measures for quantifying quantum correlation 
have been proposed. For example, quantum discord |9| is 
defined as the minimum part of the mutual information 
shared between A and B that cannot be obtained by the 
measurement on A 

Sb\a{p) = min S B \a(Pf a b) ~ Sb\a(p), (2) 

{Ff} 



where S A \b(p) = S(p)-S(p B ) with S(p) = -Tr(plog 2 p) 
is conditional entropy, {-F/ 1 } is a POVM on qudit A, and 
Pf a b = J2i K^P^i i s the state of qudits A and B after 
the POVM. It has been proved that, for separable states, 
the optimal POVM is just von Neumann measurement 
{11^} [24]]. Another example is the distance-based mea- 
sure of quantum correlation [18] 



Qd(p) 



min D(p, a), 

crgCo 



(3) 



where the state distance satisfies the property that D 
does not increase under any quantum operation. Trace- 
norm distance D x = Tr|p - <r|/2 with |0| = y/oUD and 
relative entropy S(p \\ a) — Tr[p(log 9 p — log 2 <j)] are 
examples satisfying this property [25[ . One-way quantum 
deficit 



A b\a = min S(p n A B ) - S{p), 

{llA} 



(4) 



is in fact the minimum relative entropy to classical- 
quantum states [2a|; an d thus belongs to this class of 
quantum correlation measure. Notice that the measures 
of quantum correlation are asymmetric for A and B. Here 
and after, we only discuss the quantum correlation de- 
fined on A. 

The measures of quantum correlation Q we discuss in 
this article satisfy the following three conditions, (a) 
Q(p) = iff p e C ; (b) Q{UpU^) = Q{p) where U is 
a local unitary operator on 4 or B; (c) Q(I <S> As(p)) < 
Q(p). Conditions (a) and (b) are satisfied by most of 
the quantum correlation measures. It has been proved 
that quantum discord satisfies condition (c) [7[ . Here we 
briefly prove that Qd satisfies condition (c). Suppose 
the closest classical-quantum state to p is labeled as a, 
then we have Qd(p) = D(p,a) > D(A B (p), A B (a)) > 
Qd{Ab{p))- The last inequation holds because A B (<r) is 
still a quantum-classical state, but may not be the clos- 
est one to A B (p). It should be noticed that geometric 
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quantum discord does not satisfy condition (c) 
is thus out of the scope of this paper. 

Local operations on A can create quantum correlation 
from a classical-quantum state. In order to character- 
ize how much quantum correlation can be created by a 
local channel, we introduce the definition of quantum- 
correlating power. 

Definition (quantum- correlating power). The 

quantum-correlating power of a quantum channel 
is defined as 



Q(A) = max Q(A(g)7(p)), 

pec 



(5) 



where Q is a measure of quantum correlation which sat- 
isfies conditions (a-c). 

The input state p that corresponds to the maximiza- 
tion in Eq. ([5]) is called the optimal input state. Here we 
give a general form of the optimal input state. 

Theorem 1. For any d-dimension local channel acting 
on A, The optimal input state with the maximum amount 



of quantum correlation in the output state is a classical- 
classical state of form 



d-1 
J=0 



(6) 



where {Hg. = \f3j)((3j\} is the orthogonal basis for the 
Hilbcrt space of qudit B. 

Proof. Consider a classical-quantum state g' £ Co as 
input state. After a local channel on A, the state becomes 



9> = Y,iMO 



(7) 



For input state g as in Eq. 
state is 



|, the corresponding output 



P 



= 5>A(n£ 4 )®n^ 



(8) 



We first prove that p' can be prepared from p by a local 
operation on B. Writing the d states of qudit B in Eq. 
©aspf=EtoAf ) |^f ) )B<# ) U=l,--- ) d ) wefind 
a rank-1 channel A fl (-) = T^TLi^^H')^, 
where E { t k) = \<f>\ k) )(Pk\, such that A s (nf.) = pfj . It 
means that p = I <£> A B (p'). Reminding that local op- 
eration on B never increase the quantum correlation on 
A, we have Q(p) > Q(p')- It means that for any state p' 
in the form of Eq. ([7]), we can always find a state p in 
the form of Eq. {8J, whose quantum correlation is larger 
than p'. Therefore, state in form of Eq. ^ is the optimal 
input state. This completes the proof of Theorem 1. 



III. CHANNELS WITH MAXIMUM QCP 

We have investigated the maximum quantum correla- 
tion that can be created by a given local channel. It is 
also interesting to ask the following question: how much 
quantum correlation can be generated from a classical 
state when all the local quantum operation is allowed? 
In this section, we focus on finding the single-qubit chan- 
nels with maximum QCP. 

Lemma 1. For any two states of a qubit pj, j = 0,1, 
there exist two pure states l^) and \<f>), such that pj — 
VM)^\ + (l-ftM(Vi where < Pj < 1, j = 1,2. 

Proof. We will first prove that for any two states of a 
qubit pi and p2, there exist a pure state \ip), such that 



Pi=PP2 + (l-pM(il>\,0<P<l. 



(9) 



We discuss this problem in the Bloch presentation: pj — 
(I + Cj ■ 50/2, j = 1, 2, and |V>)(^>| = (/ + S-a)/2, where 
9 = {o~ x ,o~y,o~z} are Pauli matrices, c] — Tr(pjd) and 
a = (ip\a\ip). Then Eq. @ is equivalent to 

c[ = pc7 2 + (1 - p)S, (10) 

where \6j\ < 1 and < p < 1. \a\ = 1 leads top — [1 — c[- 

c 2 - va - £ • W 2 - (i - |cii 2 )(i - |^F)]/(i-|cS| 2 ). it 



is straight forward to verify that < p < 1. Therefore, 
Eq. dTUl) holds. 

Consequently, for p 2 and \ip) , we can always find a pure 
state \6) such that 



P2 = p'I^^I + (i - p'M^io < P ' < i. 



(11) 



Combining Eqs. © and (jTTJ) , we have p\ = (1 — p + 
pp')\tp}(^p\ +p(l — p')\4>){(j>\. This completes the proof of 
Lemma 1. It is worth mentioning that a and b = ((f>\a\4>) 
are just the two intersections of the Bloch sphere surface 
and the line cTjcT, where cTjcT is the line fixed by the two 
points Co and c\. 

Now we are ready to prove the second central result of 
this paper. 

Theorem 2. The local single-qubit channel with maxi- 
mum QCP can be found in the set of channels 

l 
Do = {A|A(.) = Y,E i {-)ElE i = l^iXctil}, (12) 

i=0 

where \tpo) and |V>i) are two non-orthogonal pure states. 
Proof. In order to find out the maximum-QCP chan- 
nel, we investigate the form of optimal output state, 
which contains the maximum quantum correlation cre- 
ated by local operations on a classical-classical state. The 
optimal output state can be found in the subset of the 
rank-2 quantum-classical state 



Co = {p\p = 22pi\ipii)(ipii\}- 



(13) 



The reason is as follows. Consider the optimal input state 
as in Eq. © and the corresponding output state as in Eq. 
© with d — 2. According to lemma 1, each pj = A (IE 1 ) 

can be decomposed as pj — £ i=0 pj l^iXV'il) J = 0, 1, 
and consequently, Eq. ((HJ can be written as 



P 



^2pi\<t>i){(t>i\®€i 



(14) 



i=0 



where K = YlLo VjPi and & = (Ej=o QjPi\J)(J\)/Pi 
for i = 0,1. From the proof of theorem 1, any state p 
in form of Eq. (|14p can be obtained from p in Eq. (fT3"|) 
by some local operations on B. Meanwhile, the quantum 
correlation we discuss here can not be increased by lo- 
cal operation on B. Therefore, the optimal output state 
which contains the maximum correlation can be found in 
Co- Further, for any output state p £ Co, we can find a 
channel A G T>q which takes a classical input state to p. 
This completes the proof of theorem 2. 

Based on theorem 2, we derive the local single-qubit 
channel with the maximum QCP based on quantum dis- 
cord. We first need to find p = p |00)(00| +p 1 \(f>i){<f>l\ in 
Co which contains the maximum quantum discord. The 
quantum discord of a rank-2 two-qubit state can be cal- 
culated analytically using the Koashi- Winter relation [28] 



where £ bc is the entanglement of formation (EOF) be- 
tween qubits B and C, and qubit C is the purification of 
state p 



\^)abc 
Therefore, we have 



PolOOO) + vW 11 ) 



(16) 



Sb\a{p) = h(-\/l - t 2 sin < 



Eq. 



-/i(y / l-(l-t 2 )sin 2 0)-/i(i), 

. (17) 
(|17j) reaches its maximum 
tt/4 and t = 0. There- 
fore, the channels with maximum QCP should satisfy 
A Ma *(|0)(0|) = |0) (0| and A Max {\^ + 7r/2)(0 + tt/2|) = 
|0+37r/4) (0+37r/4|. It is direct forward to write a class of 
maximum-QCP channels, which are unitarily equivalent 



where t = po — Pi- 
Smax ~ 0.2017 at 



to A(.)=£- =0 i* (•)£?, where 



J Bo = |0)(0|,^ 1 = |+)(l|, 



and the corresponding QCP is 



1 



Qs(A Max ) = 2h(-=) - 1 w 0.2017. 
v2 



(18) 



(19) 



Sb\a = £bc + Sb\c, 



(15) 



It is worth mentioning that there are separable states 
containing larger quantum discord. For example, for sep- 
arable state p = (|$+)($+| + |*+)(*+|)/2 with |$+) = 
(|00) + |H))/V2 and |*+) = (|01) + |10»/V2 two Bell 
states, the quantum discord is S(p) = 3/4, according to 
the result of Ref . [29j ■ Such states can not be prepared 
by local operations from a classical state. 



IV. QCP OF AMPLITUDE DAMPING 
CHANNEL 



In this section, we will show exactly how to calculate 
the QCP by providing an example. The amplitude damp- 
ing (AD) channel A AD describes the evolution of a quan- 
tum system interacting with a zero-temperature bath. 
The operator-sum presentation of AD channel is A AD = 
ELo^ AD ('K ADt , where E™ = |0)(0| + ^|1)(1| and 
-^ AD = \/l ~ p|0)(l|- Here we choose quantum discord 
and one-way quantum deficit as measure of quantum cor- 
relation in Eq. ([5]). Now we are ready to calculate the 
QCP of AD channel. 

According to theorem 1 , the optimal input state should 
be of form 

p = qi \9)(6\ ® |0)(0| +q 2 \9 + \){0+\\ ® |1>(1|, (20) 

where \ff) = cos^|0) + sin#|l). Intuitively, qi — q 2 — 
1/2 should be chosen to maximize the initial classical 
correlation, while 8 = 7r/4 should hold such that the 
coherence between the two energy levels |0) and |1) of 
qubit A is maximized. These are verified by numerical 
results. 
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FIG. 1: Quantum-correlating power of amplitude damping 
channel against the parameter p of AD channel. Blue and 
green lines are respectively the QCP based on one-way quan- 
tum deficit and quantum discord. 



Depending on the above discussion, the analytical ex- 
pression of QCP defined on quantum discord and one-way 
quantum deficit are respectively 



Qs(A AD ) - h(p) + h(y/r^)-h(^l -p + p?)-l, (21) 
and 



Qa(A ad ) = mm{h(y/T=p) - h(^l- P + p 2), 

hip) - hW\-p + pi), 

Htl)+ 2 Hh) -h(Vl^?)h (22) 



1 + x l nr 1+s 
2 10 §2 2 



where h(x) = 

VI - P sin 2x + p cos 2\, t 2 

where \ satisfies 



log 



tan 2\ — 



y/1 — ps'm2x — pcos2x, 

/T- — - lno . (l+v / l 7r psin2x) 2 -(pcos2 X )- 
V-L ^lLlg 2 ( 1 _yx^sin2 X ) 2 -(pcos2 X ) : 



„]„„ (l+pcos2x) 2 -(y / T :r psin2x) 2 
r g 2 (l_ P cos2 x ) 2 -(v / T^sin2 x ) 2 



(23) 



The optimal measurement basis {|%), |x + 7r/2)} in the 
definition of one-way quantum deficit as in Eq. Q trans- 
fers gradually from {|+), |— )} to {|0), |1)}, as shown in 
Fig. [2j while for quantum discord, the optimal measure- 
ment is always {|+), |— )}. 



V. SUPER-ACTIVATION OF QCP 

In this section, we will claim an interesting property 
of QCP. Consider two classical-quantum states pab and 
PA'B' with qubits A and A' at one site and qubits B and 
B' at another. A local two-qubit unitary operator acting 
on qubits A and A' can activate two zero-QCP single- 
qubit channels into a positive QCP two-qubit channel. 
We call this phenomenon the super-activation of QCP. 



FIG. 2: Optimal measurement basis {|x}> \x + tt/2)} for one- 
way quantum deficit against the parameter p of AD channel, 
where \x) = cos x|0) + sinxjl). 



We here give an example of phase-damping (PD) chan- 
nel to show exactly how this property works. The Kraus 
operators of PD channel are £ PD = |0)(0| + A /l _r p|l)(l| 
and Ef B = v /p|l)(l|. Clearly, PD channel is a mixing 
channel, which means that quantum correlation cannot 
be created when a single copy of classical-quantum state 
is considered. 

Now consider initial state of qubits A and B 



Pab = ^22\i)A{i\ 



l Bit 



(24) 



Qubits A' and B' are in the same state, then the total 
state of the four qubits is 



1 



-.PAB ® PA'B' 



-y: 



ij)AA'{ij\® \ij)BB'(ij\- 



(25) 



Now apply a two-qubit unitary operation U: U\ij) = 
\i/)ij) on qubits A and A', where |V>oo) = -75 (1 00) + |11)), 

1-0X1) = -jfCIOHh) + |l-», |Voi) = -^(|01> - |10>), and 
|-0 1O ) = -1= (|0-) - |1+)). Then qubits A and A' each 
transmits through a PD channel, and the output state 
becomes p' = A™ <g> A™ <g> Ibb'(Uaa'PU aa ,). Now we 
check whether quantum correlation defined on AA' is cre- 
ated between the bipartition AA' : BB' by using the 
criterion in Ref. Oil. Notice that 



[A PD ®A PD ' 



, (^oo),A PD ®A PD ^ii)] 

= ^ipy/1 - p(I <g> Vy + o y ® I) ^ 0, (26) 



1- 



and consequently, quantum correlation is created be- 
tween the bipartition A A' : BB' . 

The super-activation of QCP is a collective effect. The 
reduced two-qubit states p' AB = Tr A'B'(p') = {Ia/^)®Pb 



&ndp' A , B , = Tr ab(p') — (I A' /^)®Pb' are product states, 
which contain no correlations at all. The local two-qubit 
unitary operation U does not build correlations between 
qubits A and A' , since reduced state of qubits A and A' 
remains completely mixed during the whole process. All 
in all, no correlation exists between any two qubits of 
the four-qubit state p' . Therefore, we suppose that the 
effect of super-activation of QCP is due to the genuine 
quantum correlation. 



VI. CONCLUSION 



state to a rank-2 quantum-classical states. The explicit 
expression for QCP of single-qubit AD channel has been 
obtained. 

When two zero-QCP channels are used together, a 
positive-QCP channel can be obtained. We call this effect 
the super-activation of QCP. In the example of PD chan- 
nel, we find a four-qubit state with genuine four-qubit 
quantum correlation but zero two-qubit correlation. This 
result should be helpful in the study of quantum corre- 
lating structure in multi-qubit states. 



We have introduced the concept of quantum- 
correlating power for quantifying the ability of local 
quantum channel to generate quantum correlation from 
a classically correlated state. For any channel, the gen- 
eral form of the optimal input state has been proved to 
be the classical-classical state. Furthermore, the single- 
qubit channels with maximum QCP can be found in the 
class of local channels which takes a classical-classical 
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